From a simple path integral involving a variable volatility in the velocity differences, we obtain velocity probability density functions with exponential tails, resembling those observed in fully developed turbulence. The model yields realistic scaling exponents and structure functions satisfying extended self-similarity. But there is an additional small scale dependence for quantities in the inertial range, which is linked to a slow approach to Kolmogorov (1941) scaling occurring in the large distance limit.
We propose a simple model for the velocity probability density function (PDF) P r (δv r ) observed in turbulence. δv r is the difference in some velocity component at two points separated by a distance r. The model will yield an explicit expression for the PDF 1 which for small r has the typical non-Gaussian shape characteristic of intermittent behavior, and which at any finite r displays exponential tails at large enough δv r . In the large r limit the PDF tends toward a Gaussian form, and in this limit Kolmogorov (1941) scaling (K41 scaling) [1, 2] is recovered. The model provides an explicit realization of the possibility that the anomalous scaling observed at distances r in the inertial range are the result of intermittency effects which gradually fade away, as K41 scaling is achieved on yet larger distances.
We consider a discrete set of points on the line connecting the two points separated by distance r. We label the points by their distance from one end, (0, r 1 , r 2 , ..., r N , r N +1 ) where r N +1 = r. We start by assuming that P r (δv r ) can be approximated by 
with ∞ −∞ P(y)dy = 1. We assume that this approximation is optimized for some finite N and some set of points r j which are not necessarily equally spaced. In particular we assume that this optimal set is characterized by a scale ρ such that (r j /ρ) a = j, where j = 1, 2, ..., N + 1 and a is a positive constant to be determined below. The integration over all velocities at the intermediate points may be thought of as a sum over all paths in the space of velocities which start at v 0 and end at v r . We could thus refer to (1) as a path integral. But note that we refrain from taking the continuum limit, N → ∞ with r fixed, since the scale ρ has a physical significance.
The discretization of the range from 0 to r into subregions (r j , r j+1 ) is associated with our modeling of intermittent behavior. Roughly speaking, we are suggesting that the coming and going of coherent structures in the velocity field (eddies), of sizes comparable to subregion size r j+1 −r j , produce a variable volatility in the typical velocity differences v r j+1 − v r j . Note that if 0 < a < 1 then the size of the subregion, r j+1 − r j , and thus the relevant eddy size for that subregion, would increase with j.
(1) is constructed to give the cumulative effect of the variable volatilities occurring in the various subregions. ρ should be typical of scales on which viscosity influences and damps the formation of eddies. As such ρ is expected to lie between the dissipative (Kolmogorov) scale, η, and the lower end of the inertial scaling range (the latter range being characterized by the absence of viscosity effects).
We assume that the variable volatility associated with each subregion has a Gaussian distribution. We will write P(v r j − v r j−1 ) as a Fourier transform, where we integrate over all values of a volatility parameter s j weighted according to exp(−s 2 j /2). To simplify notation we denote v r j = x j .
Integrating over k and inserting the result into (1) gives
We can write the terms in the exponent which depend on y ≡ (x 1 , x 2 , ..., x N ) in matrix notation y T My + Jy where M is a matrix and J is a vector, with the latter 2 We note the similarity to the discrete version of the path integral for the time evolution of a free particle in quantum mechanics, where k would be the "conjugate momentum". The difference is that we work in "imaginary time", we have a variable time step proportional to s 2 j , and we assign a probability interpretation to the "wave function".
depending on x 0 and x N +1 . We may complete the square and integrate over y in the usual way, for various values of N. From this we are able to deduce a simple result, 3 where all dependence on the s j now resides inŜ
The s j integrations for fixedŜ then just give the surface area of an N + 1 dimensional sphere.
In the last step we have defined S 2 ≡Ŝ 2 /(N + 1) for convenience. Finally we will take this result and analytically continue from integer values N + 1 to positive real values τ . Replacing N + 1 by τ ≡ (r/ρ) a gives
We note that for large τ the integral over S becomes strongly peaked about S = 1, and thus
In addition we find, for any τ , that the variance in the velocity differences is
The variable τ controls the evolution of the PDF, in the sense that evolution through unit steps in τ are generated by successive application of the "evolution operator" in (2) . In this sense τ is an "evolutionary" time scale depending on the distance scale r. There is also a dynamical time scale associated with scale r, the eddy turnover time, which is simply r/v where v is a typical velocity observed on scale r. If we associate v with σ √ τ from (7), and if we require that the evolutionary and dynamical times scale with r in the same way, then we obtain a = 2/3. This corresponds to K41 scaling (δv r ) 2 ∝ r 2/3 . We now perform the integral over S, and rescale the PDF such that the variance is unity for all τ . We obtain
K ν (y) is the modified Bessel function of the second kind. In Fig. (1) we displayP τ (x) for various τ . When τ is an even integer,P τ (x) is an exponential times a polynomial in x, and in particular for τ = 2 it is purely exponential,P 2 (x) = exp(− |x| √ 2)/ √ 2. For τ < 2 the PDF decreases less quickly than an exponential ("stretched exponential"), before becoming purely exponential at large enough x. For τ > 2 we have "deformed Gaussians" with exponential tails. For any τ , dlnP τ (x)/dx x→∞ → − √ τ . Alternatively we may consider moments, M n τ ≡ P τ (x) |x| n dx, which are all finite and given by
.
The approach to the exponential tails is reflected in M n+1 τ
It is common to describe the evolution of the PDF with r in terms of the generalized structure functions, defined by S n (r) = |δv r | n . For r in the inertial range it is usually assumed that S n (r) ∝ r ζn . Our model suggests that exactly scale independent exponents do not exist for the typical ranges of r considered, and that instead we should consider the local exponents ζ n (r) ≡ d log(S n (r))/d log(r). We obtain
where Ψ is the digamma function. We of course have ζ 2 (r) = a, and in the large r limit, ζ n (∞) = an/2. The latter is K41 scaling when a = 2/3. Although we adopt this value in the following, we leave open the question of whether a is exactly equal to 2/3 or just close to it.
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The approach to the asymptotic values of the scaling exponents is quite slow. In Fig. (2) we display ζ n (r) for various r, and compare to ζ n = n/3. She and Leveque (SL) have described a model [4] for the scaling exponents which fits the current data quite well: ζ SL n = n/9 + 2 − 2 (2/3) n/3 . It is interesting to note that for a range of r/ρ our exponents are quite similar to the SL values. We can phrase this agreement in terms of the relative scaling exponents ζ n /ζ 3 , which are known to better accuracy [5, 6, 7, 8] than the individual exponents, and for which the factor a in (10) cancels. We find, for example, that ζ n (35ρ)/ζ 3 (35ρ) as a function of n is within a few percent of the corresponding SL values up to n = 30! And as r varies from 20 to 50, ζ 6 (r)/ζ 3 (r) for example varies from 1.72 to 1.82, compared to ζ SL 6 = 1.78. To better see the r dependence of the structure functions we display S n (r) in Fig.  (3) . Over some range of r the lines appear to be close to straight. But other than for 5 For example the first reference in [7] advocates ζ 2 = .7. log 10 (S n (r )) log 10 (r ) Figure 3 : log 10 (S n (r)) vs. log 10 (r) with ρ = 1 for n = 2, 4, 6, 8, 10, bottom to top, each line vertically offset so as to vanish at r = 1. n = 2, which is exactly straight, the lines have a positive curvature which increases for larger n. We expect that the effects of viscosity will cause τ = (r/ρ) 2/3 to be replaced by a function f (r) which deviates from (r/ρ) 2/3 as r approaches the dissipative scale η from above. Since a decreasing τ corresponds to increasing intermittency, and since the cause of intermittency in our picture-variable volatility of velocity differencesshould be damped by viscous effects, we expect that f (r) should start to decrease more slowly than (r/ρ) 2/3 . Thus the evolution of the PDF shapes is retarded by viscous effects in the "intermediate viscous range", the range of r between η and the start of the inertial range. The implication is that at large scales in the inertial range where f (r) = (r/ρ) 2/3 it is likely that ρ > η. We may also expect that ρ/η grows with the size of the intermediate viscous range.
For very small r where the velocity field is smooth the variance is evolving like r 2 , faster than in inertial range, and thus there must clearly be a decoupling between the evolution of the PDF shapes and the evolution of the PDF variance. We are thus led to a generalization of our model, where we replace the expression in (5) by the following.
This new PDF has the property that (δv r ) 2 = g(r) , and thus we can use g(r) to reproduce the observed behavior of the variance even in regions where viscosity or finite size effects are important. The function f (r) determines the evolution of the PDF shapes; that is, the newP r (x) is obtained from the one in (8) by replacing τ with f (r).
We will illustrate the effects of viscosity with specific choices for f (r) and g(r). We consider f (r) = ([r + ρ − η]/ρ) 2/3 , which is unity at r = η and approaches (r/ρ)
at large r. 7 For g(r) in the range η < r < 10 4 η we consider
We take two examples for (c 1 , c 2 , c 3 , c 4 , c 5 ) which idealize typical data sets, g 1 (r) with (80, 79, 60, 10, 5) having a relatively large inertial range (large Reynolds number) and g 2 (r) with (80, 79, 70, 5, 30) having a small inertial range. Our results are not very sensitive to precisely how these functions deviate from r 2/3 behavior outside the inertial range. Note that the intermediate viscous range is larger for g 1 (r).
8 Due to our expectation that ρ should increase with the size of the intermediate viscous range it is natural that ρ 1 > ρ 2 . For illustrative purposes only, we choose ρ 1 = 4.3η and ρ 2 = 1.3η.
With this input we can extract all higher order structure functions from (11). The scaling in the inertial range for both cases turns out (because of our fortuitous choice of ρ 1 and ρ 2 ) to be described by the realistic scaling exponents ζ n (35ρ) from (10). We show this in Fig. (4) where we plot S n (r)/r ζn(35ρ) . 9 Of most interest are the n = 8, 10 curves for the g 1 (r) case, where we see (slight) evidence of a double hump structure growing more prominent with increasing n. This positive curvature in the middle of the scaling region is arising from the positive curvatures in Fig. (3) , which in turn is a reflection of the gradual approach to K41 scaling. This is a generic feature of our model, which should be seen when the size of the inertial range and the order n are both large enough. Our model may also be used to illustrate "extended self-similarity" [9, 7] . In Fig.  (5) we plot S n (r) versus S 3 (r) for 4 < r/η < 10 4 for the two cases g 1 (r) and g 2 (r). For comparison we add straight lines with slopes given by the relative exponents ζ n (35ρ)/ζ 3 (35ρ). We see that scaling has been extended to smaller scales than is apparent in Fig. (4) . Similar results are obtained for other choices of the functions f (r) and g(r).
In spite of our judicious choices for ρ 1 and ρ 2 , a scale-independent set of scaling exponents for the inertial range is clearly not a consequence of the model. Instead the model yields a universal set of local scaling exponents, and the scaling exponent from an experiment depends on what distance scale, effectively, the local scaling exponent is being measured at relative to ρ. On the other hand if it is true that ρ/η increases with the size of the intermediate viscous region, as we are suggesting, then it may be difficult to obtain measurements at distances, in units of ρ, which are very different from each other. The variability in the scaling exponents is also obscured if different experiments have intermediate viscous regions of similar size, and/or if one is confined to the lower order structure functions, such as n = 6 and below.
In summary we have seen how viscosity and finite size effects can have the effect of transforming the structure functions in Fig. (3) into the structure functions in Fig. (4) , which in turn display extended self-similarity in Fig. (5) . It is also encouraging to find that realistic values of the scaling exponents emerge when the ρ parameter is within the intermediate viscous range. In addition to these features the log 10 (S 3 (r )) Figure 5 : log 10 (S n (r)) vs. log 10 (S 3 (r)) for 4 < r/η < 10 4 and for n = 6, 8, 10, bottom to top. The lines for the g 1 (r) and g 2 (r) cases are displaced by 0.5 and −0.5 respectively. The dashed straight lines have slopes ζ n (35ρ)/ζ 3 (35ρ). model suggests how evidence for a slow approach to K41 scaling could eventually be uncovered. We should also differentiate between the evolution of the PDF shapes as a function of r (to which the structure functions are sensitive), and the basic set of shapes predicted by the model, given in (8) and depicted in Fig. (1) . These shapes might be of more universal interest than the particular rates of evolution from one shape to the next.
